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Abstract 

The Hamiltonian treatment of constrained systems in Guler 1 s for- 
malism leads us to the total differential equations in many variables. 
These equations are integrable if the corresponding system of partial 
differential equations is a Jacobi system. The main aim of this paper 
is to investigate the quantization of the finite dimensional systems with 
constraints using the canonical formalism introduced by Guler. This 
approach is applied for two systems with constraints and the results 
are in agreement with those obtained by Dirac's canonical quatization 
method and path integral quantization method. 



1 Introduction 

The canonical formulation gives the set of Hamilton- Jacobi 
partial-differential equation as 

dS dS 

Hjtp, q a , ~— , wr) = 0, a, (3 = 0, n - r + 1, • • • , n, a = 1, ■ ■ ■ , n - r, (1) 
dq a dt a 

where 

H a = H a (tp,q a ,p a ) + p a (2) 
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and Hq are defined as 



H Q = -Lit, q i} q u , q a = w a ) + p a w a + q^p^ \ Pv= _ Hv1 v = 0, n - r + 1, • • • , n (3) 

The equations of motion are obtained as total differential equations in many 
variables as follows 



OH' dH' Oh' 

dq a = -z-^dta, dp a = — 7-^dt Q , dp,! = — 77r-dt a , /i = 1, • • • , r (4) 
op a oq a dt^ 



oh' 

dz = (-H a +p a —^)dt a (5) 

OPa 

where z = S(t a , g a ).The set of equations(f|||) is integrable if 

dH' = 0,dH' fl = 0,fi=l,---r (6) 

If conditions^) are not satisfied identically , one should consider them as new 
constraints and again should test the consistency conditions. Thus repeating 
this procedure one may obtain a new set of conditions. 

The main aim of this paper is to investigate the quantization of finite 
dimensional systems using Guler's formalism. We test our formalism on two 
systems with first and second class constraints respectively. 

The plan of this paper is the following: 

A brief information of the Guler's formalism is given in Sect.l. In Sec. 2 
quantization of systems with constraints is investigated. The examples are worked 
out in Sec. 3 In Sec. 4 conclusions are presented. 



2 Quantization of the systems with constraints 
in Guler's formalism 

Let us suppose that for a finite dimensional system with constraints we found 
all independent hamiltonians H using the calculus of variations [0J, |@,||. Be- 
cause all the hamiltonians H are constraints we will use Dirac's procedure of 
quatization0. We have 

#> = 0,/i=l,---,r (7) 
where \& is the wave function. The consistency conditions are 

[#;X]* = 0,/i^=l,---r (8) 
If for a finite dimensional system the hamiltonians H satisfy 

K H ll = C%H' a (9) 
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the system has first class constraints in the Dirac's classification. 
On the other hand if 

[H^H' U ] = C, V (10) 

where C^ u do not depend of and Pi then from(||) we will be lead naturally 
to Dirac's brackets and the canonical quatization will be performed taking 
Dirac's brackets into commutators. 

Guler's formalism give us and the action when all hamiltonians H are 
in involution. Because in this formalism we work from the beginning in the 
extended space we suppose that variables t a depend of r.Here r is canonical 
conjugate to Pq. We propose the following expression for the action 

r)H' 

-H a +p a —^)t a dr (11) 

Op a 

where t a — 

If we are able , for a given finite system with constraints, to find the inde- 
pendent hamiltonians H in involution then we can perform the quantization 
of this system using path integral quantization method with the action gives 



as in (11). 



3 Examples 

3.1 A system with first class constraints 

Consider the following lagrangian(for more details see0) 

2L = aijqiqj + 2bq 2 - 2c, i, j = 1, 2, 3 (12) 
The generalized momenta read as 

Pi = a x q\,P2 = a 2 (q 3 ~ h) +b,p 3 = a 2 (q 3 - q 2 ) (13) 
Then we have two hamiltonians in the Guler's formalism 

H' =Po+ o(- -^) + c,H' 2 =p 2 +p 3 -b (14) 

Z d\ CL 2 

Here a,b and c are constants. 

At this stage we have two ways for quantization of the system presented 
above. 

Because we have two constraints H and H 2 Dirac's canonical formalism 
for the systems with constraints will be applied 0. 
Then we have 

#2^ = 0, #o* = (15) 
where \1/ is the wave function. 
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The consistency condition gives the following commutation relation 

= o (i6) 

and it is automatically satisfied because the hamiltonians H' 2 and H' commute. 
We found that a solution of eq.([T^) has the following form 

* = (-b 2 + 2c)e f>93 [sing 1 + cos ft] (17) 

For the path integral quantization we need the action z. Using Guler's 
formalism we found 

2 2 

dz = (-c+^-^ + bq 2 )dr (18) 
la\ 2a 2 

or 

W ( - c +l|-i! + 6 *>* < 19 > 

We know that for a system with n degrees of freedom with r first class- 
constraints (p a the path integral representation is given as [for more detailes 
seeRef.§] 

< q | exp[-i(t - t)H Q ] \q>= / W_d^{qj,pj)exp[i{ / dtfaqj - H Q )}], 
j = l,---,n (20) 
where the measure of integration is given as 

r n 

dfx(q,p) = det | {r,*p b } I II *(x°W a ) II ( 21 ) 

o=l j=l 

and x a are r g au g e constraints. 

If we perform now the usual path integral quantization using fl2"U|) for the 
system (|12|) , after imposing the gauge condition and integrate over q 2 , we get 
the action (|i9|) when r is replaced by t. 



3.2 A system with second class constraints 

Let us consider the Lagrangian [|J 

1 i 

L = 2 a i d l ~ 2 a 2(^2 - 2^253 + % + bq 2 - c (22) 

Here ai,a 2 ,b,c are functions of qi,q 2 ,q3, t. Let us specify the functions ai,a 2 ,b,c 
asa 1 = l,a2 = l,b = q 1 + q 3 ,c = q 1 + q 2 + q\. 

From fl22|) we found two hamiltonians H and H 2 as 

H' =Po + \ip\ - Zpl) + qi + q 2 + ql = (23) 
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H 2 = p 2 + Ps ~ qi ~ qs = (24) 

If we impose the variations of(^3|) andfl2~4|) to be zero we get a new independent 
hamiltonian 

H[ = - Pl + 2p 3 - 2q 3 - 1 = (25) 

Then we have three independent hamiltonians H^H^ and H 2 . 

Dirac's method of quantization give us the following relations^ 

H' V = 0, H'^f = 0, H' 2 $> = (26) 

and the consistency conditions 

IK H[}^ = (27) 

[H' ,H' 2 }V = (28) 
[H' 1 ,H 2 )* = (29) 

Here \l/ is the wave function. 
Because 

[H' V H' 2 ) = 1 (30) 

and the consistency condition([29|) is not satisfied. In the Dirac's classification 
of constraints H 1 and H 2 are second class constraints. At this stage we will 
introduce the Dirac's brackets for our system. 
Some calculations gives the following form 

{F, G} D . B . = {F, G} + {F, H' 2 }{Hi G} - {F, H' X }{H 2 , G} (31) 

and we can perform the canonical quantization taking Dirac's brackets into 
commutators. 

Now we would like to find the action using Giiler's formalism. Because the 
hamiltonians H ,H 1 ,H 2 are not in involution we extend the phase-space with 
another pairs of conjugate variables (\,P\) .The new hamiltonians t x ,r 2 and 
r 3 are in involution and have the following expressions 

r[ = Po + \{p\ - 2p") + <7i + 92 + q\ + A(-l - 4p 3 + 4g 3 ) 

+ Px (p 1 -2p 3 -l + 2q 3 )-^pl = p + n (32) 

t~2 = P2 + Ps - qi - qs + A = p 2 + T 2 (33) 
r' 3 = -Pi - 2q 3 + 2p 3 -l-p x = -p x + r 3 (34) 
From(|5|) we get the following expression for the action z 

dz = {-T X + pxqx + p 2 q 2 + Pzqz + PaA + q 2 p 3 + \{-p\ + 2p 3 ))dr (35) 
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or 

z = J (-Ti + piqi + p 2 q2 + P3<l3 + PaA + q 2 P3 + A(— pi + 2p 3 ))dr (36) 

In this case the extended system has first class constraints in Dirac's classifi- 
cation. The action([36|) gives the same result as the expression for the effective 
action from (p0|) for the system with first class constraints (|3^),(|3"3"D,(|34D when 
we consider t = r.The only difference is that the gauge conditions have differ- 
ent expressions in Guler's formalism. 

4 Concluding remarks 

In this paper the quantization of the finite dimensional systems with con- 
straints using canonical formalism introduced by Guler was investigated . 

In this formalism we have no first or second class constraints as in the 
Dirac's classification at the classical level but the constraints arises naturally 
in the set of consistency conditions® at the quantum level. The secondary 
constraints are obtained in Guler's formalism using calculus of variations. 
When a system has second class constraints the Dirac's brackets in Guler's 
formalism are defined on the extended space (qi,r). In this case we enlarge 
the system and convert the second class constraints into first class constraints 
in order to obtain the hamiltonians in involution. When the hamiltonians 
H,, are in involution we can construct the action in Guler's formalism. In 
this formalism all dependent variables t a are gauge variables and we suppose 
that these variables have a dependence on r(a canonical conjugate variable 
with po). In the case when hamiltonians H„ commute the action (JTTJ) has the 
same form as obtained by path integral quantization method after performing 
all the calculations. In this case the results are in perfect agreement with 
those obtained by usual path integral quantization methods of a system with 
constraints. 
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